The self-demodulation of pulsed sound beams in a thermoviscous fluid is investigated experimentally and theoretically. Experiments were performed in glycerin at megahertz frequencies with amplitude-and frequency-modulated pulses. The theory is based on the Khokhlov-Zabolotskaya-Kuznetsov (KZK) nonlinear parabolic wave equation. Numerical results were obtained from an algorithm that solves the KZK equation in the time domain [Y.-S.  A quasilinear analytic solution, which describes the main features of the waveform at all axial locations, is developed in the limit of strong absorption. Theory and experiment are in good agreement throughout the near-and far fields.
INTRODUCTION
The term "self-demodulation," which was coined in the 1960s by BerktaY, 1 refers to the nonlinear generation of a low-frequency signal by a pulsed, high-frequency sound beam. Berktay derived a far-field axial solution for the demodulated waveform that is valid when the following conditions are satisfied: The amplitude modulation of the carrier wave (i.e., the pulse envelope) varies slowly relative to the center frequency of the pulse; the absorption length at the center frequency does not exceed the Rayleigh distance at that frequency; and the process is weakly nonlinear (no shock formation). The demodulated waveform predicted by Berktay is proportional to the second derivative of the square of the pulse envelope function, and it was first con- 
where p is the sound pressure, z is the coordinate along the axis of the beam, V3=a2/c•r2+r-l(O/c•r), r is the transverse radial coordinate (the sound beam is assumed to be axisymmetric), t'=t--z/c o is the retarded time, and Co is the sound speed. The first term on the right-hand side of Eq. ( 1 ) accounts for diffraction, the second term accounts for thermoviscous attenuation (g is the diffusivity of sound n), and the third term accounts for quadratic nonlinearity of the fluid (B is the coefficient of nonlinearity and P0 is the ambient density of the fluid). The source is assumed to be a circular piston of radius a, for which the prescribed source condition is p=oeof(t)H(a--r) at z=0,
where P0 is the characteristic source pressure, f(t) is the time dependence, and H is the unit step function defined by H(x) =0 for x<0 and H(x): 1 for x•>0. Amplitude and frequency modulation of a carrier wave at frequency o 0 are taken into account by writing f ( t) = E( t)sin[ toot-l-qS( t) ],
where the envelope E(t) and phase •(t) are slowly varying functions of time in comparison with sin tOot. The instantaneous angular frequency of the carrier wave is ll(t) =o0+•.
(4)
The source condition described by Eqs.
(2) and (3) applies to all numerical and analytical results presented below.
II. NUMERICAL SOLUTION
The numerical solution is based on a dimensionless, 
III. QUASILINEAR AXIAL SOLUTION
As an alternative to the numerical solution described in the previous section, an analytic solution can be developed for the axial field. The method of successive approximations is used to obtain a solution of the form P=Pt +Pz,
where p• and Pz are the primary and secondary pressure fields, respectively, which satisfy the following equations:
Equations ( 10)-(12) shall be used to obtain a quasilinear solution for the complete axial waveform, subject to the source condition given by Eqs.
(2) and (3). It is assumed that thermoviscous absorption terminates the nonlinear interaction region within the near field of the primary beam (d •> 1), and that finite-amplitude effects are relatively weak (F• < 1). To construct a solution for P2, we begin with the main assumptions of Westervelt and Berktay, i.e., that absorption terminates the nonlinear interaction within the near field of the primary beam (A >• 1 ). An exponentially attenuated, collimated plane wave then provides a reasonable model for the virtual source distribution that generates the secondary pressure field. It is further assumed that the envelope E and phase modulation • vary sufficiently slowly that thermoviscous absorption can be represented by exponential attenuation that acts locally according to the instantaneous frequency fl of the carrier wave, 9 i.e., Experiments were performed in a small tank filled with glycerin. Glycerin was chosen because it provides sufficiently large absorption at megahertz primary frequencies to permit investigation of the entire process of selfdemodulation within distances on the order of tens of centimeters. In order for accurate comparisons to be made with predictions based on the KZK equation, the attenuation coefficient must depend on the square of the frequency. A quadratic frequency dependence was confirmed experimentally to within 2%. However, the tendency of glycerin to absorb moisture from the air caused the attenuation to vary slightly from day to day as a function of humidity (e.g., the attenuation at any given frequency would change by up to 10%, but the dependence on fre- Fig. 1 are results for the propagation of the axial waveform produced by a pulsed source with center frequency f0= 3.5 MHz. The first two columns contain the measured waveforms P(r)/Po and frequency spectra S(to/too), and the second two columns contain the corresponding theoretical predictions. Equation (24) with to0T=50•r and m=5 was used for both the theoretical calculations and the input to the signal generator. The values of A and N were measured directly, and then minor adjustments were made to optimize comparison with theory, as follows. First, A was adjusted to provide the proper attenuation rate for the primary wave (small variations in A produced large variations in the predicted waveforms), and then N was adjusted to match the amplitude of the demodulated waveform. The result of this process yielded 6 (and therefore F=0.11 ) , which correspond to an attenuation coefficient a0 = 64 Np/m and an effective peak source pressure P0 =0.51 MPa (i.e., 231 dB re: 1/•Pa). The frequency spectra in the second and fourth columns of Fig. 1 are normalized to yield Figure 1 demonstrates that overall agreement between theory and experiment is very good. Note the absence of second harmonic generation, which supports assumptions made in the derivation of Eq. (23). The slight asymmetry in the measured waveforms, which is most noticeable at •= 1.15, appears to be caused by asymmetry in the transient response of the source transducer (e.g., due to ringing).
As discussed by

pl ( r,z,t') _poe-a{t'}ZE( t' )sin[ oo t' + •( t' ) ]H( a--r),
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We now consider the first-order components of the waveforms shown in Fig. 1. The waveforms in the left  column of Fig. 2 were obtained by filtering out the lowfrequency components (below approximately to/to0=0.5) in the measured waveforms in the first column of Fig. 1.  Linear theory based on Eq. (14) , with rn=5 and tooT=50•r in Eq. (24), is presented in the right column of Fig. 2. Small signal transient effects due to Agreement between theory and experiment in Fig. 2 is somewhat better at the leading (left) end of each pulse than at the trailing end. The poorer agreement at the trailing end is consistent with the fact that effects of transducer ringing were more pronounced at that end. Also, the filtering process itself can introduce asymmetry. Comparison with Fig. 1 reveals that, at a=0 .6, the modulation of the waveform in Fig. 1 is due to both linear Figs. 1-3) . We have noted above that the quaslinear axial solution, Eq. (23), agrees very well with the numerical solutions that we compare with experiment in Figs. I and 4 . The agreement is demonstrated in Fig. 5, where Recall that Eq. (23) was derived for A •> 1 and F<• 1, in addition to the restriction that the amplitude and frequency modulations be slowly varying functions. We therefore expect the agreement with the numerical solution to deteriorate when A and F have values of order unity, and for envelopes that vary more rapidly in comparison with the carrier frequency. In Fig. 6, we tigated with both theory and experiment. Attention was devoted to the case in which absorption is sufficiently strong that the nonlinear interaction is relatively weak and restricted to the near field of the sound beam. A recently developed time-domain algorithm for solving the KZK equation was used to obtain numerical solutions. A quasilinear analytic solution for the entire axial field was developed and compared with both measurements and numerical results. The good agreement between theory and experiment demonstrates that the KZK equation and the analytic solution for the axial field provide accurate descriptions of the entire self-demodulation process.
